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Abstract: We study the one-loop low-energy effective action in the hypermultiplet sector 
for M = 2 superconformal models. Any such a model contains an = 2 vector multiplet 
and some number of hypermultiplets. Gauge group G is assumed to be broken down to 
G X K where K is an Abelian subgroup and a background vector multiplet belongs to the 
Cartan subalgebra corresponding to K. We found a general expression for the low-energy 
effective action in the form of a proper-time integral. The leading space-time dependent 
contributions to the effective action are derived and their bosonic component structure is 
analyzed. The component action contains terms with three and four space-time derivatives 
of component fields and has the Chern-Simons-like form. 
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1. Introduction 

Four-dimensional M = 2 supersymmetric gauge theories are formulated in terms of A/" = 2 
vector multiplet coupled to a massless hypermultiplets in certain representations R of the 
gauge group G. All such models possess only one-loop divergences [1], [2], [3], [4] and can 
be made finite at certain restrictions on representations and field contents. In the model 
with hypermultiplets in representations of the gauge group G the finiteness condition 
has simple and universal form [1] 



where C{G) is the quadratic Casimir operator for the adjoint representation and T[Ra) is 
the quadratic Casimir operator for the representation R^r- A simplest solution to Eq.(l.l) is 
A/" = 4 SYM theory where rio- = 1 and all fields are taken in the adjoint representation. It is 
evident that there are other solutions, e.g. for the case of SU(7V) group and hypermultiplets 
in the fundamental representation one gets T{R) = 1/2, C{G) = N and no- = 2N. A 
number of A/" = 2 superconformal models has been constructed in the context of AdS/CFT 
correspondence (see e.g [6], [7], [8] and references therein, the examples of such models and 
description of structure of vacuum states were discussed in details e.g. in Ref. [9]). All 
these theories arise in A/" = 4 SYM theories on "orbifolds" of AdS5 x with respect to 
discrete subgroup SU(4) of R-symmetry which breaks some number of the supersymmetries 
of the A/" = 4 SYM theory and acts nontrivially on the gauge group. 

In this paper we study the structure of the low-energy one-loop effective action for 
the M = 2 superconformal theories. The effective action of the AA = 4 SYM theory and 
N = 2 superconformal models in the sector oi M = 2 vector multiplet has been studied by 
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various methods [10], [11], [9], [12], [13], [14], [15]. However a problem of hypermultiplet 
dependence of the effective action in the above theories was open for a long time. 

The low-energy effective action containing both J\f = 2 vector multiplet and hyper- 
multiplet background fields in A/" = 4 SYM theory was first constructed in Ref. [16] and 
studied in more details in Refs. [17], [18]. In this paper we will consider the hypermultiplet 
dependence of the effective action for J\f = 2 superconformal models. Such models are 
finite theories as well as the = 4 SYM theory and one can expect that hypermultiplet 
dependence of the effective action in = 2 superconformal models is analogous to one in 
M = 4 SYM theory. However this is not so evident. The M = 4 SYM theory is a special 
case of the M = 2 superconformal models, however it possesses extra M = 2 supersym- 
metry in comparison with generic M = 2 models. As it was noted in [16], just this extra 
J\[ = 2 supersymmetry is the key point for finding an explicit hypermultiplet dependence 
of the effective action in A/" = 4 SYM theory. Therefore a derivation of the effective action 
for M = 2 superconformal models in the hypermultiplet sector is an independent problem. 

In this paper we derive the complete M = 2 super symmetric one-loop effective ac- 
tion depending both on the background vector multiplet and hypermultiplet fields in a 
mixed phase where both vector multiplet and hypermultiplet have non-vanishing expecta- 
tion values^. The Af = 2 supersymmetric models under consideration are formulated in 
harmonic superspace [21], [22]. We develop a systematic method of constructing the lower- 
and higher-derivative terms in the one-loop effective action given in terms of a heat kernel 
for certain differential operators on the harmonic superspace and calculate the heat ker- 
nel depending on A/" = 2 vector multiplet and hypermultiplet background superfields. We 
study a component form of a leading quantum corrections for on-shell and beyond on-shell 
background hypermultiplets and find that they contain, among the others, the terms corre- 
sponding to the Chern-Simons-type actions. The necessity of such manifest scale invariant 
P-odd terms in effective action of AT = 4 SYM theory, involving both scalars and vectors, 
has been pointed out in [32]. Proposal for the higher-derivative terms in the effective action 
of the M = 2 models in the harmonic superspace has been given in [28] . We show how the 
terms in the effective action assumed in [28] can be actually computed in supersymmetric 
quantum field theory. 

The paper is organized as follows. Section 2 is devoted to a brief formulation of the 
M = 2 supersymmetric models in the harmonic superspace and description of vacuum 
structure which we assume. Also in this section the elements of TV = 2 supersymmetric 
background field method are introduced. In section 3 we discuss the structure of the super- 
space differential operator associated with the hypermultiplet dependent one-loop effective 
action on a given vacuum. Section 4 is devoted to a straightforward calculation of the one- 
loop low-energy effective action for the background fields satisfying the on-shell conditions 
(see Egs. (2.8)). In addition, the bosonic component effective action containing terms with 
four space-time derivatives of scalar components of the hypermultiplet is derived. The 
analogous Chern-Simons-type terms have been discussed in [28] . In section 5 we study the 
possible contributions to the effective action for the background hypermultiplet, which do 

^See example of the effective action on Higgs brancfi for M = 2 model in Refs. [19], [20] 
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not satisfy the on-shell condition (2.8). Wc show that in the purely bosonic sector the 
corresponding contribution contains the Chern-Simons-hke terms with three space-time 
derivatives analogous to terms proposed in [28]. The results are summarized in section 6. 

2. The model and background field splitting 

The harmonic superspace approach provides manifestly covariant off-shell description of 
M = 2 supersymmetric field theories at classical and quantum levels (see modern state of 
harmonic superspace approach in [22]). M = 2 harmonic superspace has been introduced 
in [21] extending the standard J\f = 2 superspace with coordinates 
(^ = 1,2) by the harmonics uf parameterizing the two-dimensional sphere S"^: u^^u^ = 

1, = U'^ . 

The main advantage of harmonic superspace is that the M = 2 vector multiplet and 
hypermultiplet can be described by unconstrained superfields over the analytic subspace 
with the coordinates = {x'^,6^°' ,6'^,uf), where the so-called analytic basis is defined 

by 

X™ = X™ - iO+aO- - i9-a"'9+, 9^ = uf9i, 9^ = uf9i . (2.1) 

The M = 2 vector multiplet is described by a real analytic supcrficld V^~^ = V^~^^ {C)Tj 
taking values in the Lie algebra of the gauge group. A hypermultiplet [23], transforming 
in the representation R of the gauge group, is described by an analytic superfield q'^iC) 
and its conjugate q'^{C) (see the definition of conjugation in [22]). The scalar component 
fields P{xa) of the hypermultiplet and their conjugate P = (fi)^ form the SU(2) doublet. 
They, as well as the spinor component fields ipa,^'^ of the hypermultiplet, appear as the 
lowest-order components in the 9~^, 9~^ ,uf expansion of q'^ ,q'^ . The M = 2 vector potential 
superfield V~^^ satisfies the reality condition y++ = y++ with respect to the generalized 
conjugation which is the combination of complex conjugation and the antipodal map and 
transforms under the gauge transformations as 5^++ = —2?++ A, where A is an arbitrary 
real analytic superfield parameter. In the Wess-Zumino gauge, the superfield has a 
finite number of the component fields (j), 4>, ^mt ^a-i^at D^^^^ corresponding to field contents 
oiAf = 2 vector multiplet [24] . 

The classical action oi M = 2 SYM theory coupled to hypermultiplets consist of two 
parts: the pure M = 2 SYM action and the g-hypermultiplet action in the fundamental or 
adjoint representation of the gauge group. Written in the harmonic superspace [21, 22] its 
action reads 

5 = ^tr I d^zW-" + \j dC(-^ktHD++ + igV++)qp , (2.2) 

where wc used the doublet notation q^ = (g^, —q^)'^. By construction, the action (2.2) is 

^Hypermultiplet part of the action written in the symplectic covariant form [22] for any number n of 
hypermultiplets = (t?"*", —9"*"), (a = 1, 2n). Then is related to q'^" by the reality condition qt = 

q+°- = n''''g^, where fi"'' = is the invariant tensor of the symplectic group, Sp{Nc) for fundamental g"*" or 
Sp{N^) for adjoint q+ (generalization for more complicated representations looks evident) and the covariant 

derivative is denoted as = D++q+'' + iW++"'q+\ V ++" = V++\TiYb, Tj = ^ t\^^ 

also introduce the flavors as A'^/- dimensional vector field so that q'^^ is Nc x Nf matrix. 
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manifestly M = 2 super symmetric. Here d(^^ denotes the analytic subspace integration 
measure and 

d 



V++ = D++ + iV++, D++ = a++ - 2i9+a"'e+dm, d++ = u 



is the analyticity-preserving covariant harmonic derivative. It can be shown that V~^^ is the 
single unconstrained analytic, d)^^^ ~ ^' prepotential of the pure M = 2 SYM theory 
[21], [22], and all other geometrical object are determined in terms of it. So,the covariantly 
chiral superfield strength W is expressed through the (nonanalytic) real superfield V 
satisfying the equation 

D++V— - + i[V++,V—] = 0. 

This equation has a solution in form of the power series in V^^ [21], [22]: 



oo „ 
n=l-' 



V++{z,Ui)...V++{z,Un) 
{u+U^)(u'\^U2)...{utu+) 



and uses the harmonic distributions i i or, in other words. Green's function 

G^~^~^\ui,U2) that obey the equation d'^'^ G^''^~^\ui,U2) = S^^'~^\ui,U2)- The rules 
of integration over SU{2) as well as the properties of harmonic distributions are given in 
refs. [21], [22]. To simplify the notation, we set g = 1 aX the intermediate stages of the 
calculation. The explicit dependence on the coupling constant will be restored in the final 
expression for the effective action. 

Now the superfield strength is defined by 

W = ~{D+fV—, W = ~{D+fV—. (2.3) 

One can prove that the W,VV are gauge invariant, tx-independent, V^^W = 0, covariant 
chiral (antichiral) superfields, = 0, and satisfy the Bianchi identities {V^^W = 

(P±)2vv;. For further use we will write down also the superalgebra of gauge covariant 
derivatives with the notation Vf = P5 A,\ut: 

(a,a) (a,a) i 

{V+,V^} = -2iSapW , {Vf,Vp = 2ie.^W , (2.4) 
{V+,V-} = ~{V+,VT} = 2zV„^ , 

The operators P+ and Vf strictly anticommute 

It follows from (2.5) that P+ = e-*^Z)+ ^^e^^ for some Lie-algebra-valued real superfield 
b{z, u) known as the bridge [21], [22]. In the so-called A-frame defined by e.'^^^ip) the 
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gauge covariant derivatives Tyf coincide with the flat derivatives Df and therefore 
any covariant analytic superfield becomes a function over the analytic subspace. A full 
set of gauge covariant derivatives includes also the harmonic derivatives 
which form the algebra su{2) and satisfy the obviously commutation relations with T>^ 
and Pj. Unlike the gauge covariant derivatives acquire connections V^^. 

The action (2.2) possesses the superconformal symmetry SU{2, 2|2) which is manifest 
in the harmonic superspace approach [22]. The low energy cfl"cctivc action at a generic 
vacuum of = 2 gauge theory includes only massless U(l) vector multiplets and massless 
neutral hypermultiplets, since charged vectors and charged hypermultiplets get masses by 
the Higgs mechanism. The moduli space of vacua for the theory under consideration is 
specified by the following conditions [29] 

[^,0]=O, 0/, = O, /V = pTif) = 0. (2.6) 

Here the (p, (p are the scalar components of = 2 vector multiplet and complex scalars fi 
are the scalar components of the hypermultiplet. 

The structure of a vacuum state is characterized by solutions to Eqs. (2.6). These 
solutions can be classified according to the phases or branches of the gauge theory under 
consideration [29]. In the pure Coulomb phase fi = 0, (p ^ and unbroken gauge group is 
U(l)rank(G)^ In thc pure Higgs phase fi^O and thc gauge symmetry is completely broken; 
there are no massless gauge bosons. It is well known that F- and D-flatness conditions 
describing the Higgs branch can be mapped [30] to the ADHM constraints determining the 
moduli space of instantons. In the mixed phases, i.e. on the direct product of the Coulomb 
and Higgs branches (some number of (p, cp is not equal to zero and some number of fi is 
not equal to zero) the gauge group is broken down to G x where K is some Abelian 
subgroup and rank(G) is reduced in comparison with rank(G). 

Further we follow [9] and impose the special restrictions on the background J\f = 2 
vector multiplet and hypermultiplet. They are chosen to be aligned along a fixed direction 
in the moduli space vacua; in particular, their scalar fields should solve Eqs. (2.6): 

y++ ^ Y++(^QH, = q+(C)T . (2.7) 

Here if is a fixed generator in the Cartan subalgebra corresponding to Abelian subgroup 
and T is a fixed vector in the /^-representation space of the gauge group, where the 
hypermultiplet takes values, chosen so that HI = and TT/T = 0. At this point we 
use notations from [9]. Eq.(2.7) defines a single U(l) vector multiplet and a single hyper- 
multiplet which is neutral with respect to the U(l) gauge subgroup generated by H. The 
freedom in the choice of H and T can be reduced by requiring that the field configuration 
(2.7) to be invariant under the maximal unbroken gauge subgroup. 

At the tree level and energies below the symmetry breaking scale, we have free field 
massless dynamics of the M = 2 vector multiplet and the hypermultiplet aligned in a 
particular direction in the moduli space of vacua. Thus the low energy propagating fields 
are massless neutral hypermultiplets and U(l) vector which form the on shell superfields 
possessing the properties 

(D±)2>v = {D^fW = , (2.8) 
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D++q+- = {D-fq+- = D-q-'^ = Q, q-- = D-q+-, ^(a,d)9"" = ■ 

All the notations are given in [22]. The equations (2.8) eliminate the auxiliary fields and 
put the physical fields on shell. 

At the quantum level, however, exchanges of virtual massive particles produce the 
corrections to the action of the massless fields. The manifestly J\f = 2 super symmetric 
Feynman rules in harmonic superspace have been developed in [21] (see also [22, 25]). We 
quantize the J\f = 2 super gauge theory in the framework of the M = 2 super symmetric 
background field method [12] , [4] by splitting the fields V~^^ , g"*"" into the sum of the back- 
ground fields V^^ , g"*"", parameterized according to (2.7), and the quantum fields v'^^ , Q~^°' 
and expanding the Lagrangian in a power series in quantum fields. Such a procedure allows 
us to find the effective action for arbitrary M = 2 supersymmetric gauge model in a form 
preserving the manifest J\f = 2 supersymmetry and classical gauge invariance in quantum 
theory. The original infinitesimal gauge transformations are realized by two different ways: 
first as the background transformations: 

5V++ = -P++A, 5v++ = i[A, f ++] , (2.9) 

and second as the quantum transformations 

5V++ = 0, Sv++ = -V++X - i[v++, A]. (2.10) 

In the background-quantum splitting, the classical action of the pure M = 2 SYM theory 
can be shown to be given by 

Ssym[V+^ + = Ssym[V++] + \j dC^-^Uuv++{D+fWx (2.11) 

-tr^ dl2^g^ (-^g)""' J dui...dUr, 



„=2 - {u'[u^)...{utut) 



Wa and v^^ denote the A- and r-frame forms of W and respectively W\ = e^^We"*^, 
v^'^ = e^*^f ^^e*^. The quantum part of the action depends on V^~^ via the dependence of 
v^^ on b, latter being a complicated function of V~^^. The hypermultiplet action becomes 

Sniq + Q) = ShM + J dC^-'^UuQtV++q+'' + dC(-^)dug+ii;++g+" (2.12) 

+^ / dC^-^Uu{Q+V++Q+'' + Qtiv++q+^ + + Q+w++g+«} . 

The terms linear in and g+ in (2.11), (2.12) determines the equation of motion and 
this term should be dropped when considering the effective action. 

To construct the effective action, we will follow the Faddeev-Popov Ansatz. Within the 
framework of the background field method, we should fix only the quantum transformation 
(2.10). In accordance with [12], let us introduce the gauge fixing function in the form 

= D++V++ = e-'\V++v++y'' = e-'^'T^'^V'' , 
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which changes by the law 

^jrW = e-*{P++(P++A + \])}e'^ (2.13) 

under the quantum transformations (2.10). Eg. (2.13) leads to the Faddeev-Popov deter- 
minant 

Afp[v^+, V++] = Dct(P++(P++ + iv++)). 

To get a path-integral representation for A}rp[v^^ ,V'^^], we introduce two real analytic 
fermionic ghosts b and c, in the adjoint representation of the gauge group, and the corre- 
sponding ghost action 

SFp[h,c,v++,V++]=tr J dC^-'^UuhV++(V++c + i[v++,c]). (2.14) 
As a result, we arrive at the effective action r[y++,g+] in the form 

^r[v++, 9+] ^ ^iS^t[v++, ?+] J Vv++VQ+VhVcx (2.15) 

^^i(l^SsYM{v++y++]+^^SH{v++,V++,Q+,q+]+SFp{h,c,v++y++])^pr{i) _ j{4)^ ^ 

where f^'^\(,u) is an external Lie-algebra valued analytic superfield independent of , 
and5[j^(^'] is the proper functional analytic delta-function. To transform the path integral 
for r[y++, g+] into a more useful form, we average the right hand side in Eq. (2.15) with 
the weight 

A[y++]exp{;^tr / di2^duidtX2/(^)(z,ui)/^^i^/(4)(z,U2)}. (2.16) 
2a J {u{U2r 

Here a is an arbitrary gauge parameter. The functional A [y "'""'"] should be chosen from 
the condition 

1 = A[F++] / P/(4)exp{Atr / d'',du,du2fi.'\z,u,)j^^%f(.'\z,u,)}. (2.17) 
J J {uju^y 

Hence, using the standard identity / d(^''^\D'^)^L{z,u) = J d^'^zL(z,u), 

A-i[F++] = I P/(4)exp{^tr J dci-'^dC^'^dtxidn2/(^)(Ci, ui)A(l, 2)/(^) (C2, ^2)} 

= Det-V2^ , 

we have the expression for A by means of a special background-dependent operator 

A = ("1 ) (£)J")^(£)^)^(^^^(2:i — Z2) acting on the space of analytic superfields with values 

in the Lie algebra of the gauge group. Thus 

A[V++] = Bet^/^A . (2.18) 
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To find Det^ we represent it by a functional integral over analytic superfields of the 
form 

Det-^A = J Vx^'^^Vp^^^ e^p{itv J dC[~^UuidCt^Uu2X^^\i)A{l,2)p^'^\2)} , (2.19) 
and perform the following change of functional variables 



p{4) ^ (p++fa, Det(^) = Det(P++)2 . 

da 



Then we have^ 



tr J dci-'^du^dct'^du2X^^\l)A{l,2)p(^\2) (2.20) 
= tr / d''zdmdn2xi'Hl)j^¥$-3^^2^^'^r{2) = Jtr / d'hduxi'\D-f 

= -tr J dC^-^Uux^^^Da , 

where 

□ = -^(P+)4(D— )2 . (2.21) 
On the basis of Egs. (2.18-2.20) one obtains 

A[V++] = Det-V2(p++)2DetV2Q(4 j3^ . (2.22) 
Now, we are able to represent A[y++] by the following functional integral 

A[V++] = DetV2Q(4^^,) J i^^^-^,tvfdc(-^)duv++^v++^ ^ (2.23) 

with the integration variable (p being a bosonic real analytic superfield taking values in the 
Lie algebra of the gauge group. The if is, in fact, the Nielsen-Kallosh ghost for the theory. 
As a result, we see that the M = 2 SYM theory is described within the background field 
approach by three ghosts: the two fermionic ghosts b and c and the third bosonic ghost (p. 
The ghost action Spp and Snk given by Eqs. (2.14) and (2.23) correspond to the known 
a;-multiplet [21], [22]. 

Upon averaging the effective action with the weight (2.16), one gets the following path 
integral representation 

^T[v++, ,+] ^ </+lDetV2e(4_o) (2.24) 

where 

S,[v++, g+, b, c, p, V++, g+] = ASsYuy^'''^^] + Sgf[v++, V++] 
+ASH[v++,V++,Q+,q+] + SFp[h, c, V++, V++] + Snk['P, V++]. 



3we use (Dt+f-^^ = {ntu^KD^- f5^'---'\u„ u,) 
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Here Sgf[v~^^, V~^^] is the gauge fixing contribution to the quantum action 

5gfK+, = ^tr / d''hduidu2 (D++<+(l)(Ij++^++(2))) (2.25) 

= ^tr / d'^zdu,du2^^^^^^^^i^ - — tr / d''zduv++{D--)\++ . 
2a J {utut) 4a 7 

Let us consider the sum of the quadratic part in 1;++ of ASsym (2-11) and Sqf (2.25). It 
has the form 

1(1 + l)tr / d''zduidu2^^^^^^^$^ + — tr / d'^zduv++av++ , 
2 a J ('"i"2) 2a J 

where we have used Eq. (2.32). To further simphfy the computation, we make the simplest 
choice the Fermi-Feynman gauge a = — 1. We can now write the final result for the effective 
action r[F++,g+] 

(2.26) 

where action Sq is as follows 

Sg [v++ ,Q+,h,c,v,V++,q+]=S2 [v++ ,Q+,h,c,v,V++, q+]+Sint [v++ ,Q+ ,h,c,V++ ,q+], 
S2 = -Itr j dC^-^Uuv++Uv++ + ti J dC^'^^duhip+^fc (2.27) 
+ ltr J dC^-'^Uuv{V++f<p+^ J dC^-'^Uu{QtV++Q+'' + Qtiv++q+'' + q+iv++Q+''} , 

= -tr / d^^zdu,...du. ± ^-^^""'^^^r-l^•;^^:'^^ (2-28) 

-iti J dC^-'^UuV++h[v++,c\ + ^J dC^-^UnQtiv^-^Q-^" ■ 

This equations completely determine the structure of the perturbation expansion for cal- 
culating the effective action r[F++,g+] of the J\f = 2 SYM theory with hypermultiplets 
in a manifestly supersymmetric and gauge invariant form. However not everybody hidden 
rigid symmetry of a classical action can always be maintained manifestly in the Faddeev- 
Popov quantization scheme. According to the analysis of [26], the problem of keeping the 
rigid symmetries manifest at the quantum level is essentially equivalent to finding covari- 
ant gauge conditions. In the case of conformal symmetry, such gauge conditions do not 
exist and any special conformal transformation has to be accompanied by a field-dependent 
nonlocal gauge transformation in order to restore the gauge slice [27], [9]. The invariance 
of the path integral under combined conformal and gauge transformations lead to modified 
conformal Ward identities for the effective action. 

The action S2 defines the propagators depending on background fields [12]. In the 
framework of the background field formalism in = 2 harmonic superspace there appear 
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three types of covariant matter and gauge field propagators. Associated with □ is a Green's 
function z') which is subject to the Feynman boundary conditions and satisfies the 

equation □ G(2'2)(i|2) = -U'^^^'^^ , where the analytic delta-function^ '5^^'^HCi,C2) is 

□ 

Sometimes, it is useful to rewrite G^^-^) in a manifestly analytic at both points, following 
[22] 

G(2'2)(1,2) = J-^(p+)4(p+)4{i<5i2(^^ _ ^2)p2~~)'^^"'''H^i>^2)} . (2.29) 

2 niDz 

This representation may, in principle, be advantageous when handling those supergraphs 
which contain a product of harmonic distributions. 

The hypermultiplet propagator associated with the action (2.27) has the form 

i < Q+(Ci,ui,C2,n2) >= Gf-'\l\2) = -S-^^^lp^^5'\z, - Z2) . (2.30) 

It is not hard to see that this manifestly analytic expression is the solution of the equation 
_ ^(^'^)(i|2). For the hypermultiplet of the second type described by a chargeless 
real analytic superfield lo{<^,u) the equation for Green' function is {T>f'^)'^G^°'^\l\2) = 
(5j'°\l|2). The suitable expression for G(°'°) is 

^ < u{lW{2) >= G(°'°)(l|2) = -^{Vi)\vmi6'\z, - .2)7^^}. (2.31) 

Switching off the gauge background superfield, the Green's functions (2.29, 2.30, 2.31) turn 
into the free ones obtained in [21], [22]. The operator □ = — i(P+)^(P )^ transforms 
each covariantly analytic superfield into a covariantly analytic and, using algebra (2.4), can 
be rewritten as second-order d'Alemberian-like differential operator on the space of such 
superfields [12]: 

□= ^V'^'^Vaa + '-{V+'^W)V- + l(ptn;)p-" + IjW, W} (2.32) 

_l(p+p+Vv;)p— + Uv+,V-]W , 
4 8 

Among the important properties of □ is the following: (D+)^ □=□ (P+)4. The coefficients 
of this operator depend on background superfields W, VV. For the background, belonging 
to an Abelian subgroup of the gauge group and satisfying the on-shell conditions, we have 
the further restriction: V^W = D^W, and similarly for VV with D, D being background 
independent derivatives. In addition, we should omit the two last terms in (2.32) since 
they disappear on-shell. 

To simplify the quadratic part of the action for quantum gauge superfields it is con- 
venient to expand these superfields in some basis. We choose the quantum superfields 



*5(^'*-«)(Ci,wi|C2,W2) = {D+Y5^\zi-Z2)5^''-^'^-''\uuU2) = {D+)''6^'\zi - Z2)d^^'-'''>iui,U2) [21]. 
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in one-to-one correspondence with the roots of the Lie algebra of gauge group G: v = 
v'^Ea + Yli Here Ea is the generator corresponding to the root a normahzed as 

ti{EctE-p) = 5a,-j3 and Hi are the rank(G) Cartan subalgebra generators satisfying the 
commutation relations [Hi^Ea] = a{Hi)Ea- Using these notations one can rewrite the ac- 
tions (2.27) in terms of coefficients in expansions of v in above basis. Such form of writing 
of the effective action is very convenient for its evaluation and will be used in Section 4 for 
various cases. 

3. Structure of the one-loop effective action 

Consider the loop expansion of the effective action within the background field formulation. 

Then, the effective action is given by vacuum diagrams (that is diagrams without external 
lines) with background field dependent propagators and vertices. A formal expression of 
the one- loop effective action r[y++, for the theory under consideration is written in 
terms of a path integral as follows [12]: 

eir[y++,,+] ^ e^5(y++,5+)DetV2 Q^^^^ j Vv++VhVcD^VQ+ ^iS,[v++,^,o,^,Q+,v++,,+\ ^ 

(3.1) 

where the full quadratic action is defined in Eq. (2.27): 

5(2)[t;++,b,c,(^,Q+,l^++,g+] = -^tr j dC,^-^Uuv++Uv++ + iT j dC,^-^^ duh{V++fc 

(3.2) 

+^tr j dC(-^Uu^{V++f<f-^ J c/C(-')(g"+P++Q+ + g+"^^;++g^ + Q+"^^;++g^) ■ 

Here f is a quantum vector superfield taking values in the Lie algebra of the gauge 
group and b, c are two real analytic Faddeev-Popov fermionic ghosts and (p is the bosonic 
Nielsen-Kallosh ghost, all in the adjoint representation of the gauge group. Eqs.(3.1), 
(3.2) completely determine the structure of the perturbation expansion for calculating the 
effective action of the J\f = 2 SYM with hypcrmultiplets in a manifestly supersymmetric 
and gauge invariant form. For the propagators of the quantum vector multiplet v^~^ and the 
hypcrmultiplets Q"*"" we use (2.29) and (2.30) respectively. Vertices can be taken directly 
from the second line (3.2). It is easy to see that the ghosts do not couple to background 
hypermultiplet and therefore do not contribute to hypermultiplet dependent part of the 
one-loop effective action. In the vector sector of the M = 2 SYM theory where the matter 
hypermultiplet are integrated out, the one-loop effective action r[T^++] reads 

r[F++] = lTr(2,2) In □ ~Tr^A,o) In □ -^Tr,dln(P++)2+iTri^^ lnP++ + ^TVR„ \n{V++f . 

Currently, the holomorphic and non-holomorphic parts of the low-energy effective action 
A/" = 2, 4 SYM theory on the Coulomb branch, including Heisenberg-Euler type action in 
the presence of a covariantly constant vector multiplet, are completely known (see for a 
review e.g. [10], [11]). The general structure of the low-energy effective action in = 2, 4 
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superconformal theories is [13]: 

r = Sci + J d^^z{clnWlnW + J d^^z\nWA{^^^^^] 



c.c. 



f ,12 ^.DHnW DMnW,, 
7 + 



where A and T are holomorphic and real analytic function of the (anti)chiral superconfor- 
mal invariants. The c-tcrm is known to generate four-derivative quantum corrections at 
the component level which include an famous -F^ term (see e.g. [11]). The hypermultiplet 
dependent part of the effective action in A/" = 4 SYM theory in leading order is also known 
[16] - [18]. 

For further analysis of the effective action it is convenient to diagonalize the action of 
quantum fields S^"^^ using a special shift of hypermultiplet variables in the path integral^ 

Q+a^^+a^- J dC^f^\+\2)v++i2)Gl'^^-^\l\2) , (3.3) 

Qt=C-iJ d4-'^Gi('-'\l\2)v++i2)q+{2) , 

where ^^'^ independent variables in the path integral. It is evident that the 

Jacobian of the replacement (3.3) is equal to unity. Here G^*-^'^^ (1|2) is the background- 
dependent propagator (2.30) for the superfields Q^"',Q^- In terms of the new set of 
quantum fields we obtain for the following hypermultiplet dependent part of the quadratic 
action 

4'^ / ^C(-')r+2^++C - ^ / dC[-'^dct'^q^-{l)v^Hl)Gi^'-'\l\2)v^^2)q^{2) . 

Then the vector multiplet dependent part of the quadratic action gets the following non- 
local extension 

5f = -^tr J dCi-%r J dCt'^ {^Sf'\l\2) + ,+"(l)Gf •i)(l|2),+ (2)) . (3.4) 

Expression (3.4), written as an analytical nonlocal superfunctional, will be a starting point 
for our calculations of the one-loop effective action in the hypermultiplet sector. Our 
aim in the current and later sections is to find the leading low-energy contribution to the 
effective action for the slowly varying hypermultiplet when all derivatives of the background 
hypermultiplet can be neglected. We will show that for such a case the non-local interaction 
is localized. 

Using the relation V2"^ = J d(^ ^■*5^'^'*(2|3)'U3~''' one can rewrite expression for si^^ 
(3.4) in the form 

= -^tr J dC^-'\rj dCt'^ {^Sr\M2) (3.5) 



^In QED such a change of variables has been fulfilled in ref. [31]. N.G.P is grateful to S. Kuzenko for 
bringing his attention to this reference. 
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Then we use the exphcit form of the Green function (2.30) and the relation allowing us to 
express the (I?^)^(I?J)^ as a polynomial in powers of (■u^w^) [14] 



(P+)4(P+^4 



{v+r [{v^nufutr - («)3(«r4) - □i(«^4)'k4)') 



(3.6) 



where the operator A is [14] 

A— = p""p-pr + ^w{v-f + ^w{v-f + {v-w)v- + {v-yv)v- . (3.7) 

Since G(^-^)(1,2) = -G(^-^)(2, 1), the non-local term in (3.5) takes the form 



The large braces here contain three terms. It is easy to see that two first terms include 
the derivatives which will lead to derivatives of the hypermultiplet in the effective action. 
Since we keep only contributions without derivatives, the above terms can be neglected. 
As a result, is it sufficient to consider only the third term in the braces. 

Now we apply the relation ^ ij)'^)'^ = J (f^z, allowing to integrate over zs, and 

obtain 

- / dusq+%l)^^^qtius,z,)6^2-"\^s^^i\^) ■ 

J [U^ Ui ) 



Then one uses the on-shell harmonic dependence of hypermultiplet g^"(3) = u^^q^"' and 
take the coincident limit ui = us (conditioned by 6^2^\us, zi\2)). After that we get 
r dus "^V = —u7-. As a result, the term under consideration has the form 

g+<^(l)g-(l)<5?-')(l|2), 

where the expression q^"'{l)q^ (!) = q^'^qia is treated further as the slowly varying superfield 
and all its derivatives are neglected. Namely such an expression was obtained in [18] by 
summation of harmonic supergraphs. 

Thus, the second term in (3.5) becomes local in the leading low-energy approximation. 

(2) . . 

As a result, the operator in action Sv determining the effective background covariant 
propagator of the quantum vector multiplet superfield v'^^ (we expanded the superfield 
v'^^ in generators u"*"^ = Vj"^Ti and work further only with superfield components vf^) 
takes the form 

(plj +q+''{z,,ui){Ti,Tj}q-{zi,ui)) 6f'\l\2) , (3.8) 
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where 



Here □ = ^T>°^°'T>aa is the covariant d'Alemberian. 

Thus, using the J\f = 2 harmonic super space formulation of the M = 2 SYM theory 
with hypermultiplets and techniques of the non-local shift we obtained that the whole 
dependence on the background hypermultiplet is concentrated in the quantum vector mul- 
tiplet sector with the modified quadratic action. Therefore the one-loop effective action is 
given by the expression 

ra)[F++,g+] = rW[F++,g+]+rW[F++] , (3.9) 

where the first term in (3.9) is originated from quantum vector multiplet v'^'^ 

rW[y++,g+] = '-TrHDij +q+-{Ti,Tj}q-) . (3.10) 

Second term in (3.9) is the contribution of ghosts and quantum hypermultiplet ^j" and 
does not depend on the background hypermultiplet. 

As a result, the background hypermultiplet dependence of one- loop effective action is 
included into the operator 

^lj+q+''{Ti,Tj}q- , (3.11) 
acting on v~l"^ and containing the mass matrix of the vector multiplet 

{MDu = tr {[Ti,W][W,Tj] + J)) + q+''{Ti,Tj}q- , (3.12) 

if q^ is in the fundamental representation, and 

{MDu = tr {[Ti,W][W,Tj] + [q+'',Ti][Tj,q-]) + (/ ^ J) , (3.13) 

if q~^ in an arbitrary matrix representation. We have proved that the hypermultiplet depen- 
dence is completely transferred into the sector of quantum superfields w"*""*" and conditioned 
by the background covariant operator (3.11). Eqs. (3.9), (3.10) are a starting point for 
calculating the one-loop effective action. Note that we make no restrictions on a space-time 
dependence of the hypermultiplet except the on-shell properties (2.8). 

In the above discussion, the gauge group structure of the superfields W, has been 
completely arbitrary. Henceforth, the background superfields will be chosen to be aligned 
along a fixed direction in the moduli space of vacua in such a way that their scalar fields 
should solve Egs. (2.6). Let the background vector multiplet and hypermultiplet be of 
the form (2.7) where iif is a fixed generator in the Cartan subalgcbra. It corresponds to 
assumption that gauge group G is broken down to G x where K is an Abelian subgroup 
conditioned by the Cartan subalgcbra where the generator H belongs to. In this case there 
is a single vacuum combination WW for = 2 background vector multiplet and a single 
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vacuum combination q^"'qa for the background hypermultiplet . Then the operator acting 
on the quantum vector multiplet superfields defined in (3.11) takes the universal form 

□ + '!^a{H){V+WV- + V+Wt)-) + a^{H)-WW + , (3.14) 

where □ is the covariant d'Alemberian, the combination q'^'^'^q^ (a = 1,2) already has no 
matrix indices (since a fixed direction in moduli space is taken) and the matrix Z has the 
indices 7, J conditioned by the expression {T/ , Tj} after fixation of the background hyper- 
multiplet in accordance with (2.7). All matrices containing VV,VV in (3.14) are diagonal 
over the indices of the generators in G. 

We arc interesting only in the hypermultiplet dependent terms in the one-loop effective 
action (3.10). Let us clarify how such terms can in principle be generated in (3.10). The 
mass matrix has the structure M.^^ = a^{H)WW ■ Y + q'^'^q^ ■ Z. The only eigenvalue 
of the matrix y is 1 with n{H) corresponding eigenvectors. The matrix in parentheses in 

(3.14) has the same eigenvectors as Y . As to the matrix Z, there can be two options: 

(i) The matrix Z has n(T) eigenvectors common with eigenvectors of y {n{T) < n{H)) 
and the corresponding eigenvalues are r(T). Then the effective action is the sum over 
different values of r(T). Therefore we assume, without loss of generality, that there is only 
one eigenvalue r(T) with n{T) eigenvectors common with eigenvectors of Y. Hence the 
hypermultiplet dependent effective action in the case under consideration is 

rW[y++,g+]= (3.15) 

|n(T)Trln + ^-a{H){V+WV- +'D+W'D-) + a^{H)WW + r{T)q+''q- 

Here Tr means the functional trace of operators acting on analytic superfields of the ap- 
propriate U{1) charge^. The eigenvectors of Y which do not coincide with eigenvectors of 
Z and give no hypermultiplet dependent contributions to the effective action. 

(ii) The matrices Y and Z have no common eigenvectors. The effective action is 
the sum over eigenvectors of Y and eigenvectors of Z. The contribution originated from 
the eigenvectors of Y are hypermultiplet independent. The contributions originated from 
the eigenvectors of Z do not contain the operators V~ and t>~ since the corresponding 
matrix in (3.11) has different eigenvectors then Y . However these operators are used to 
obtain, in principle, the non-zero low-energy effective action. Therefore in this case the 
hypermultiplet dependent part of the effective action vanishes. 

As the result, the hypermultiplet dependent effective action is given by the expression 

(3.15) . In the next section we will consider the evaluation of this expression. 

®If the background fields corresponds to various generators Hi the effective action will be a sum of 
contributions over the index i where each contribution has the structure corresponding to the above case. 
Therefore we can consider the case with fixed generator H without loss of generality. 

'^Specifically, if -4'^'*~^''(Ci, C2) is the kernel of an operator acting on space of covariantly analytic 
superfields of charge p, then 

where the trace 'tr'is over group indices. 
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4. Calculation of the one-loop effective action 

The expression (3.15) is a basis for an analysis of the hypermultiplet dependence of the 
effective action. This expression will be written in the convenient form allowing us to 
evaluate it using the superfield proper time techniques (see [34], [35] for N = 1 supcrficld 
proper time techniques) by generalizing the Schwinger construction [36] . We will follow the 
generic approach developed in our paper [18] where hypermultiplet dependence of A/" = 4 
SYM effective action was analyzed. 

In the framework of the Fock - Schwinger proper-time representation, the effective 
action (3.15) is written as follows 

r(i)[y++,g+] = ^n(T) / dC^-^^du r ^e-^(°+i"(^)(^+>^^"+^+^^")+^?)x (4.1) 
2 J Jo s 

where Mf, = a^(i/)WVV + r(T)q'^"'q~ . Here K{s) is a superfield heat kernel, the oper- 
ation Tr means the functional trace in the analytic subspace of the harmonic superspace 
TiK{s) = tr J d(^^~*^ K } where tr denotes the trace over the discrete indices. Rep- 
resentation of the effective action (4.1) allows us to develop a straightforward evaluation 
of the effective action in a form of covariant spinor derivatives expansion in the superfield 
Abelian strengths yV,VV. The leading low-energy terms in this expansion correspond to 
the constant space-time background D^W^W = const, D^D^W = const and on-shell 
background hypermultiplet. Especially we want to emphasize that on-shell conditions do 
not mean that the hypermultiplet is constant. Furthermore we assume that hypermultiplet 
is a slowly varying function in the superspace and neglect any derivatives of the hypermul- 
tiplet for deriving the superfield effective action. However, it does not mean that we miss 
all space-time derivatives in the component effective Lagrangian. Grassmann measure in 
the integral over harmonic superspace d'^O^d'^O^ generates four space-time derivatives in 
component expansion of the superfield Lagrangian. Therefore the above assumption is suf- 
ficient to obtain a component effective Lagrangian including four space-time derivatives of 
the scalar components of the hypermultiplet. Possible contributions to the hypermultiplet 
dependent effective action off-shell will be discussed in the next section. 

Calculation of the effective action (4.1) is based on evaluating the superfield heat 
kernel K{s). Note that even with regard to the properties of a non-analytic integrand, 
the crucial idea [15] is to stay in the analytic subspace at all stages of the calculations 
without an artificial conversion of the analytic integral into the full superspace integral, 
where, as a rule, an integrand contains ill-defined products of harmonic distributions. In 
this respect, integration with the analytic measure will be a high-power projector which 
removes all harmonic singularities. Moreover, because the covariant d'Alemberian doesn't 
contain efficiently acting T>^ wc, during heat kernel treatment, never obtain D^q^ but only 
'D~q~ = 0. Under this approach we should actually look for higher-derivative quantum 
corrections in the form 

j dC^-'\V+)^niW,W,q+,q-). (4.2) 
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In the case of a covariantly constant hypermultiplet T)mq^ = and vector multiplet 
= T^mY^ = the heat kernel can be computed exactly. In order to obtain the 
complete kernel it is convenient separate of the contributions of the diamagnetic and para- 
magnetic parts of the operator □. We follow here a generic scheme of calculations [18] 
taking into account only the aspects essential for the theory under consideration. As the 
first step we use the Baker-Campbell-Hausdorff relation and write the operator K{s) as a 
products of several operator exponents ® 

K{s) = exp{-s{A+V- + A+V- + + Ml}) (4.3) 

= exp{-/„<i(s)P"<^}exp{-s^P"^P„<i}exp{-J^(s)}exp{-s(^+p- + A+V~)} . 

with some unknown coefficients in the right hand side. These coefficients can by found 
directly by solving the system of a differential equations on these coefficients. To find the 
mentioned system of equations we consider {-^K{s))K^^{s) and substitute for K{s) first 
and second lines in (4.3) subsequently. Equations for the function /""(s) have the form 

^Jaais) = -fppFt - A+P{D-^U) - A+P{DTU) 

+A+A,{f^ dre^-)Z + A+A-,{f^ dre^-)^ • 
It is easy to show that the solution of these equation can be written as follows 

/ad = ~A'l !FaaA^ — A'^ ^^^A^ , (4.4) 

where the function J^{M,J\f, s),f^{M,M, s) are listed in [18]. Analogously, equation for the 
function Q is 

^n{s) -Ml = -A+-{D-n) - A+-{Drn) + AtnAl + A+f^A- 

dTe-^^)ZF^;rP - \A+A-p{[ dre-^^)tFf^r. 
Solution of these equation has the form 

VL{s) = sMl + A+''n-{s) + A+^Q.-T{s) + (^+)2^'(-2)(s) + (^+)2^-(-2)(s) (4.5) 

+^+«lt*°(-2)(s). 

We point out that this solution is a finite order polynomials in power of the Grassmannian 
elements A+,A+. All coefficients are given in ref. [18]. Now it is necessary to write the 
last exponential in (4.3) in the form 

exp{-s(A+p- + A+V-)} = 1 + a+"p- + d+^VT + f+\V-)^ + f+''{V-f (4.6) 

*Where we have used the notations 

A+°' ='-a{H){V+°'W), A+" = -'-a{H){V+''W), M^ = D-A+^, Ar^ = DTA+^ 
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The coefficients of tfiis expansion can be found exactly and given in [18]. For further 
analysis it is important to note that 

n*' = -j-^(A^nA^fu ( "'"'■^">-' ) tr ( «'""^'-' ) . (4.7) 

One can show that only this last term in expansion of the exponent will survive in the coin- 
cidence limit 9+ = 9+' which should be taken in (4.1), since {D-)'^{D+)^S^{9-9%=0> = 1. 
All other terms with less then four {D~) are killed at the coincident limit. As a result, 
we obtain, as the coefficient the maximally admissible number of the quantities A~^,A~^ 
with non-zero Grassmann parity. Then all the other dependence on A~^,A'^ in operator 
exponents (4.3) must be omitted and we get the expression for the effective action 

r«[F++,g+] = '-n{T) j d(:^-^h-^^'Ksch{s){A+)\A-^fx (4.8) 
'cosh(sA/') — 1\ ( cosh.{sJ\f) 



where Kgchi^) is the supcrficld Schwinger-typc kernel [36], [13]. The latter is defined as 
follows Kschi^i 1 s) = e^2^""^«"{l(5^(x — x')}. Now a computation of this heat kernel 
and its functional trace is standard (see e.g. [35], [15] for details). We write down only the 
final result 



Ksch{s) 



(47rs)2 cosh(sA/^) — cosh.{sN) 



Here M is given by A/" = y —^D^W^. It can be expressed in terms of the two invariants 

of the Abelian vector field = \F'^''F^ri and g = \*F'^''Fmn as M = sJ%FTW)- 

Relation (4.8) is a final result for the hyper multiplet dependent low-energy one-loop 
effective action of the Heisenberg-Euler type. We remind that the whole background hy- 
permultiplet is concentrated in The explicit form of it is: 

r(i)[y++,g+] = -i-^n(T) / dC^^-'^^du r '^e-<o?{H)ww+r(r),+'^<i^)^ (4 9) 

(47r)^ J Jo s'^ 

^"'(-^^n+m^rn+m^ s\An-An) cosHsM) - 1 cosh(.Ar) - 1 
16 ^ ' ^ ' cosh(sAr) - cosh(sAr) 

It is easily to see that the integrand in (4.9) can be expanded in power series in the quanti- 
ties s'^M^, s^M'^. After change of proper time s to s'WW we get the expansion in power of 
(VVvv)^ and their conjugate. Since the integrand of (4.9) is already ~ (D"'"W)^(-D+VV)2, 
we can change in each term of expansion the quantities M"^, Af^ by superconformal invari- 

ants ^2 and 'I'^ [13] expressing these quantities from = ^D^lnW = w^^ ~^ 

0{D^W)} and its conjugate. After that, one can show that each term of the expansion 
can be rewritten as an integral over the full M = 2 superspace. 
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It is interesting and instructive to evaluate the leading part of the effective action (4.9). 
Analysis of (4.9) (see the details in [18]) yields 

^lead- (4^)2^^-^^y ^^Ig y^2 y^2 (1 _ X)2 ' 

where 

As the next step, we rewrite this expression as: 

^ [ iD+^lnW^+^lnVV + V ^ J_^+2 J_/_^(^)g^"ga ^fc^ 

{At^Y J ^ ^^16^^ ^""^^^ ^'^''^ + Z.fc2(A: + l)^ W'^ W'^^ a2(ii-) ^ 

If _ °° 1 

That exactly coincides, up to group factor T with the earlier results [16], [17], [18]: 

r!eid=(^"m jdud^H (ln>Vln>V + Li2(X) + ln(l-X)-lln(l-X)). (4.12) 

Here Ij\2{X) is the Euler's dilogarithm function. Next-to-leading corrections to (4.12) can 
also be calculated [18]. The remarkable feature of the low-energy effective action (4.12) is 
the appearance of the factor r{T)/a{H) in argument X. This factor is conditioned by the 
vacuum structure of the model under consideration and depends on the specific features 
of the symmetry breaking. The form of the hypermultiplct dependent effective action 
analogous to (4.12) has been found originally in Ref. [16] for = 4 SYM theory and studied 
in Refs. [17], [18] by different methods. In A/" = 4 SYM theory, the = 2 vector multiplet 
and hypermultiplet both belong to the adjoint representation of the gauge group and the 
above factor in X is equal to 1. As a result, we conclude that the hypermultiplet dependent 
low-energy effective action has the universal form (4.12) for all A/" = 2 superconformal 
models, the difference of one J\f = 2 superconformal model from the others is conditioned 
only by factor r{T)/a{H) in the quantity X (4.10). The same conclusion concerns also 
the general expression (4.8). Of course, the different models evidently contain the different 
common factors n(T) in front of integrals (4.8), (4.12). 

Now we discuss some terms in the component Lagrangian corresponding to the effective 
action (4.12). Component structure of the effective action (4.12) has been studied [16] in 
the context of A^ = 4 SYM theory in bosonic sector for completely constant background 
fields Fmn, <P, 4>, P, fi- However, it was pointed out above that the superfield effective action 
(4.12) allows us to find the terms in the effective action up to fourth order in space-time 
derivatives of component fields. Now our aim is to find such terms in the hypermultiplet 
scalar component sector. To do that we omit all components of the background superfields 
besides the scalars 0, in the M = 2 vector multiplet and scalars /, / in the hypermultiplet 
and integrate over d'^6^d'^6~ = (L'~)^(D+)^. Then we act these derivatives on the series 
under the integral in (4.11). To get the leading space-time derivatives of the hypermultiplet 
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scalar components we should put exactly two spinor derivatives on each hypermultipelt 
superfiled. It yields, after some transformations, to the following term with four space- 
time derivatives on 5=*= in component expansion of effective action (4.11): 

^lead - y «^ (4^)2^.16 fe(fc + l)(WW)2^ «6 ^ ^ ^ 9 ^Za 

+ lD+''D+-q-D-^D-''q+'DTD,q+-D+D+q- 



2 ^ ""/3^/3' 

1 



The straightforward calculation of the components^ in this expression shows that among 
the many terms with four derivatives there is an interesting term of the special type 

r!l = ^-(T) f 4S V ln(l - ^o) - 4] X (4.13) 



87r2 ' ' \a{H) J ' ' X^' 

J dud^x-~^ie''''^''d^q+d,q+dxrdpq~ • 



As the first term in expansion over variable Xq = '^^'^2^ J'' we have 

(4.14) 

Here we have omitted all the terms containing the expressions of the type d^fd^f. The ex- 
pression (4.13) has a form of the Chern-Simons-like action for the multicomponent complex 
scalar filed. The terms of such form in the effective action were discussed in Refs. [32], [28] 
in context of = 4, 2 SYM models and in Refs. [33] for d = 6,M = (2, 0) superconformal 
models respectively. Here the expression (4.13) is obtained as a result of straightforward 
calculation in the supersymmetric quantum field theory. 

As the examples we list the values of a{H),r{T) and n(T) for models considered in 

[9]. 

(i) A/" = 4 SYM theory with gauge groups SJJ{N), Sp{2N) and SO{N). Here the 
hypermultiplet sector is composed of a single hypermultiplct in the adjoint representation 
of the gauge group. The background was chosen such that the gauge groups are broken 
down as follows SU(iV) ^ SU(A - 1) x U(l), Sp(2A) ^ Sp(2A - 2) x U(l), SO{N) 
SO{N — 2) X U(l)- All background fields aligned along element H = U(l) of the Cartan 
subalgebra (with T = H). The mass matrix becomes 

{Ml)ij = (WW + q+«q^)(a(i/))25,,^ 



^Here we have used the relations D+D+q' = D+D+D — q+ = -D+D-q+ = -2ia^d^q+, as well 
as D-D-q+ = 2ia''d^q~, D+ D' q+ = 2icri^di^q+, D-D+q' = -2icT''a^g". In addition we have used 

/ duufuj'u'i^ul' = ^{eikeji +eiiejk)- 
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and traces in Eq.(3.9) produce the coefficient n{T) wliich is equal to the number of roots 
with a{H) 7^ 0, i.e. to the number of broken generators 

r 2{N - 1) for SU(A^) , 
n(T) =IaN-2 for Sp(2iV) and S0(2iV + 1) , 
[an -I for SO(27V) . 

The form of the mass matrix shows that in this case r(T) = a{H) . 

(ii) The model introduced in [6]. The gauge group is USp(2iV) = Sp(2iV, C) f] U(2A^). 
The model contains four hypermultiplets Qp in the fundamental and one hypermultiplet 
q\ in the antisymmetric traceless representation USp(2Ar). The background fields W, gj, 
q\ are chosen to solve Eqs. (2.6) with the unbroken maximal gauge subgroup USp(2A?^ — 
2) X U(l): 

W=^diag(l, 0^,-1,0^), g+ = 0, 

N-l N-1 

(gt)/ = , ^ diag(Ar - 1, -1, -1,N - 1, -1, -1) . 
^^^"^ J2N(N - 1) ^ 

N-1 N-1 

The mass matrix {Ml)ij has been calculated in [9] and it has n(T) = 4{N—1) eigenvectors 
with the eigenvalue Ml = VVW + j^ct'qj- 

(iii) The J\f = 2 superconformal model which is the simplest quiver gauge theory [7] , 
[8]. Gauge group is SU(A^)_l x SU(A^)r. The model contains two hypermultiplets , in 
the bifundamental representations (N, N) and (N, N) of the gauge group. In [9] a solutions 
of (2.6) with non-vanishing hypermultiplet components that specifies the fiat directions in 
massless M = 2 SYM theories has been constructed. The moduli space of vacua for this 
model includes the following field configuration 

= Wr = , ^ diag(iV - 

g+ = g+ = ^diag(l,0,...,0), 

which preserves an unbroken gauge group SU(A''— 1) x SU(A^ — 1) together with the diagonal 
U(l) subgroup in S\]{N)l x SU(Ar)R associated with the chosen W. In such a background 
the mass matrix has eigenvalue M.^ = j^WW + ;^q"'""qa and the corresponding n(T) = 
4(iV- 1). 




5. Hypermultiplet dependent contribution 

to the effective action beyond the on-shell condition 

In the above consideration, as well as in the papers on the hypermultiplet dependent 
effective action [16], [17] [18], a crucial point was the condition that the hypermultiplet 
q^ satisfies the one-shell conditions (2.8) and the constraint q^ = D^^q^. As it has 
been pointed out in [16] these conditions are sufficient to get all the leading low-energy 
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contributions to the effective action. Here we relax tlie on-shell conditions and study some 
of possible subleading contributions with the minimal number of space-time derivatives in 
the component effective action. 

Figure 1: One- loop supergraph 



We consider a supergraph given in Fig.l with two external hypermultiplet legs and 
with all propagators depending on the background M = 2 vector multiplet. Here the wavy 
line stands for the M = 2 gauge superfield propagator and the solid external and internal 
lines stand for the background hypermultiplet superfields and quantum hypermultiplet 
propagator respectively. For simplicity we suppose that the background field is Abelian 
and omit all group factors. The corresponding contribution to effective action looks like 

iT. = J dct'^ct'^du.du, [^^^^0^^S''m) X (5.1) 



"2 



. □2°l / 

As usually, we extract the factor (-D"*")^ from the vector multiplet propagator for recon- 
structing the full M = 2 measure. Then we shrink a loop into a point by transferring the 
□ and (P"^)^ from first (5-function to another one and kill one integration. At this proce- 
dure the operator □ does not act on because we are interesting in the minimal number 
of space-time derivatives in the component form of the effective action. As a result, one 
obtains 

_ r dct'Uu,du2 {vtn'Dtnvt)\ i2, J. 

X ((Pj-)25(-2.2)(„2,^Xl)) <t{zi,Ui)q+{zuU2) . 

Further we use twice the relation (3.6) [14] allowing us to express the {V^Y{V2)^ as 
a polynomial in powers of {u^u^)- Then after multiplying the (I?j'')^(I?^)*^(P^)^ with 
the distribution 1/(m^u^)^ we obtain a polynomial in [u'^u^) containing the powers of 
this quantity from 5-th to 1-st. The first order is just a contribution of the type which we 
considered in the previous section, because one derivation {D )2 is used for transformation 
(1x^1X2") into ('Ui"«2 )Ui=w2 = 1 in the coincident limit. Another D transforms q'^ into 
q~ . All that has been already done in Section 4. Therefore, keeping only the first order 
in {u^ii^) we get a contribution including the combination q'^q~ without derivatives. As 
we pointed out in Section 4, to obtain such a contribution it is sufficient to consider the 
hypermultiplet satisfying on-shell condition (2.8). 
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Here we consider the new contribution to the effective action containing term {ufu2 )'^ 
in the above polynomial: 



2 - ^ w 1 / 2 

The ellipsis means the terms with the powers of {U1U2) other then 2. One can show that 
in the coincident limit they disappear. Now transferring [D )^ on (u^tXg^)^ we obtain the 
expression: 

ir2 = i f dC^-'^Uu{V+)'^^{aA^-A_^)S^^{z - z%=^'q+{z,u)q+{z,u) , (5.3) 

° r2(i) r2(2) 

where A is defined in (3.7). 

Let us consider each of the two underlined contributions separately. We use the rep- 
resentation 

—A--S^\z-z')\= dsse'°A--d^^{z- z% (5.4) 

where | means the coincident limit z = z' . Then we can apply a derivative expansion of 
the heat kernel. The goal is to collect the maximum possible number of factors of 

acting on {9+ - 9'+)^ {9- - 9'-)^ and having the minimum order in s in the integral over s. 
Higher orders in s generate the higher spinor derivatives in the effective action. We take 
terms ^W(P~)^ + c.c. from A and expand the exponential so as to find (T>~)'^. The Eq. 
(5.4) allows us to write the leading contribution to r2(l) as follows 

r2(l) = - f d^^zdu r ds-s [ ^Ll^e-'P\<^^-'^^W{D+'^WD+W)x 
J Jo J V'T^) 32 

><{D-f{D-f5^{9 - 9')\tq^ + cc. 
After trivial integration over p and s this contribution has the form 

^'^^^ = 3^/ d'^^du^ ^^^l^^'^ t{z,u)q^{z,u){V-f5\9-9')\ (5.5) 

Now we fulfil the same manipulations with the second underlined contribution T2 (2) keeping 
the same order in s and D~,D~ as in the expression (5.5): 

'■00 ^„„2 r 



T,{2) = -Jd''zdutq^f^ J 



P „-sp'^+ispV+sO 



(27r) 



4' 



X (ip"^P-P7 + A~)(-irt«^ + 2)5^ 



J d^^zduq+q+ 



^ J 
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Integration over momenta in this expression^° gives (j^f^j— Ts + = . After that we 
see that the leading term of the form (5.5) is absent in r2(2). Then it is not difficult to 
show that the contribution (5.5) is rewritten as follows [we use / d^9~ = 5+^] 

-TTTTT / d^xd'^e+d'^e-du{D+)\D+f{lnW)^t{z,u)q+(z,u)(V-)^6^(e - e')\ + c.c. 
OZTT"^ J W 

The non-zero result arises when all -D+ - factors act only on the spinor delta-function. 
Thus, the contribution under consideration is written as an integral over the measure 
d'^xdud'^e+d'^6- which looks like "3/4 - part" of the full M = 2 harmonic superspace 

measure d!^xd,ud!^0^d!^6~ . 

Therefore, the hypermultiplet dependent effective action contains the term 

r2 = - d^xdud^e^d^e-^\iv{W)q+q+\-e-^^ (5.6) 

~ 3^/ d^^dud''e+dH-^\n{W)tq^\e-=o ■ 

Presence of such a term in the effective action for A/" = 2 supersymmetric models in 
subleading order was proposed in [28]. Here we have shown how this term can be derived 

in the supersymmetric quantum field theory. 

It is interesting and instructive to find a component form of such a non-standard super- 
field action (5.6). Here we consider only a purely bosonic sector of (5.6). After integration 
over anticommuting variables, which can be equivalently replaced by supercovariant deriva- 
tives evaluated at ^ = 0, one gets: 

^2 = ^ / d'xdu^D+pDTitD-^D-q+D^PD-W\e,s^, 

+ 4^ / d^xdu^D^^D--q^D'^D-^q^D^^D--W\,^,^,. 
Since D^Drq+ = -2idadf~, D'fD'^q+ = 2z5^^/+ we have 

^2 = ^ / d^xdu^dfsJ+d^f-F"- + d^xdu^d^f+daaf-F^^, (5.7) 

where F''^,F'^^ are the spinor components of Abclian strength Fab- Then one converts the 
spinor indices into vector ones. As a result, we obtain a Chern-Simons-like contribution to 
the effective action containing three space-time derivatives 

r2 = - ^ y" d^X^e^^-'dmfdnfiFab • (5.8) 

This expression is the simplest contribution to the hypermultiplet dependent effective ac- 
tion beyond the on-shell conditions (2.8) for the background hypermultiplet. Of course, 

10 r d^P r-'^P^ - ' f J^r, .J^Pr-'P^ - ' 
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there exist other, more comphcated contributions including the hypermultiplet derivatives, 
they also can be calculated by the same method which led to (5.6). Here we only demon- 
strated a procedure which allows us to derive the contributions to the effective action in 
the form of integral over 3/4 - part of the full M = 2 harmonic superspace. 

6. Summciry 

We have studied the one-loop low-energy effective action \nj\f = 2 superconformal models. 
The models are formulated in harmonic superspace and their filed content correspond to 
the finiteness condition (1.1). Effective action depends on the background Abelian M = 2 
vector multiplet superfield and background hypermultiplet superfields satisfying the special 
restrictions (2.6), (2.7) which define the vacuum structure of the models. The effective 
action is calculated on the base of the J\f = 2 background field method for the background 
hypermultiplet on-shell (2.8) and beyond the on-shell conditions. 

We have shown that the hypermultiplet dependent one-loop effective action for the 
theory under consideration is associated with a special superfield operator (3.11), acting 
only in the sector of quantum vector multiplet superfields. The coefficients of this operator 
contain the background superfields and depend on details of gauge symmetry breaking. 
We prove that for evaluating the one-loop effective action it is sufficient to consider the 
simple case when the operator has the universal form (3.14). 

The hypermultiplet dependent one-loop low-energy effective action is calculated in 
the form of an integral over the proper time. It was proved that to find the low-energy 
contributions to the effective action it is sufficient to consider on-shell vector multiplet 
and hypermultiplet. Final result for such a case is given by the relation (4.8) which is 
the M = 2 superfield analog of the Heisenberg-Euler effective action. The leading part of 
the low-energy effective action (4.12) has a general form^^ and depends on the quantity 
X = ~^y^" a{H) ^'^■^^) containing the details of the vacuum structure of the model. Using 
the superfield effective action (4.12) we calculated the lowest space-time dependent terms 
in the sector of scalar hypermultiplet components. These terms contain four space-time 
derivatives of scalar fields and have a Chern-Simons-like form (4.13). 

We studied possible contributions to the effective action which can be generated if 
we go beyond on-shell conditions (2.8) for the background hypermultiplet. The harmonic 
supergraph with two external hypermultiplet legs and with background vector multiplet 
dependent propagators has been computed and its leading low energy contribution has 
been found. We proved that the final result has a very interesting superfield structure 
and is written as an integral over 3/4 of the full M = 2 harmonic superspace (5.6). The 
presence of such terms in the effective action of = 2 supersymmetric theories was 
recently proposed in [28]. We computed the component structure of the effective action 
(5.6) in the bosonic sector keeping the scalar components of the background hypermultiplet 
and vector component of the background M = 2 gauge multiplet. The result (5.8) has a 
Chern-Simons-like form and contains three space-time derivatives of the component fields. 

'^'^The form of leading low-energy effective action(4.12) has been first found in [16] for J\f = 4 SYM theory. 
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To conclude, wc have analyzed the general structure of the hypermultiplet dependent 
one-loop low-energy effective action of = 2 superconformal models. For an on-shell 
hypermultiplet we found the universal expression for the effective active action. For hy- 
permultiplet beyond on-shell, we calculated the special manifestly M = 2 supersymmetric 
subleading contribution which is written as an integral over 3/4 of the full M = 2 harmonic 
superspace. We believe that such contributions deserves a special study. 
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